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The paper examines the feasibility of piezo-electric control of stiffened plates carrying axial compression
and subject to interaction of local and overall buckling. A simple control strategy involving piezo-electric
patches along the tips of the stiffeners carrying equal and opposite electric ﬁelds to resist bending of the
stiffeners was found to effectively counteract the adverse effects of mode interaction and imperfection-
sensitivity. For the dynamic problem, this strategy needed to be supplemented with patches attached to
the surfaces of the plate in the middle of the panel to damp out local buckling oscillations. Two panels
were considered, these being scaled replicas of each other. This enabled an examination of the scaling
laws of response with practical applications in view. The results demonstrate that the structural perfor-
mance of optimally designed stiffened structures can be enhanced with minimal energy consumption by
appropriately designed piezo-electric patch conﬁguration.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Thin-walled structures such as stiffened plates and shells fabri-
cated out of high strength materials are ubiquitous in aerospace
structures. These are prone to buckle in a variety of modes with
a strong possibility of adverse mode interaction whenever sub-
jected to axial compression and/or bending. Optimally designed
stiffened plates subject to compression tend to fail by an interac-
tion of overall and local buckling, and are imperfection-sensitive.
This results in an erosion of their projected load carrying capacity
based on the critical loads as determined from a linear stability
analysis (Thompson and Hunt, 1973; Tvergaard, 1973; Sridharan
et al., 1994; Sridharan and Kasagi, 1997). As the axial compression
carried becomes a sizable fraction of the critical load, these struc-
tures exhibit large amplitude oscillations under disturbances such
as lateral acoustic pressure and could experience dynamic instabil-
ity by divergence. For these structures, the load corresponding to
dynamic instability can be signiﬁcantly less than that which would
cause collapse under static conditions (Budiansky, 1965).
Literature on piezo-electric control of ﬂutter, buckling and non-
linear response of plate structures is extensive and we can do no
more than mention a few topics investigated in this ﬁeld: enhance-
ment of column ﬂutter and buckling responses (Wang and Quek,
2002), geometrically nonlinear response of piezo-laminated plates
(Rabinovitch, 2005), and active control of nonlinear supersonic pa-
nelﬂutter (Abdel-Motagalyet al., 2005; Li et al., 2007). Thispaperad-
dresses the issues involved in the piezo-electric control of an
‘‘optimally designed” stiffened panel – optimal in the sense the localll rights reserved.
: +1 314 935 4338.
).and overall buckling loads under axial compression are rendered
equal. Such structures are known to be imperfection-sensitive due
to nonlinear modal interaction. The example chosen for study is
however a simple one, a panel consisting of slender plate and rela-
tively stocky stiffener-designated in the literature as Tvergaard pa-
nel-1 (Tvergaard, 1973; Sridharan et al., 1994). It is shown that
feedback voltages across patches at the stiffener tips, proportional
to the bending strain have a salutary effect in stiffening the structure
at loads that exceed the capacity of the uncontrolled structure under
static conditions. In this case local buckling deﬂections are allowed
to occur, but they are seen to be innocuous in so far as the overall
bending has been controlled. Next the feasibility of damping out of
large amplitude oscillations liable to be triggered at loads smaller
than the dynamic buckling load is studied. As before the control is
exercisedusing piezo-electric actuators attached at the stiffener tips
only. The feedback gains are now proportional to the strain-rates
sensed at the stiffener tips. This has the effect of damping out overall
oscillations fairly quickly, but localmodevibrations tend to linger on
for a long duration. In an attempt to dampout the local (plate) vibra-
tions additional control is exercised via piezo-electric actuator
patches placed at upper and lower surfaces at the middle of each
plate panel. The feedback gains are proportional to the sum of the
strain-rates sensed in the longitudinal and transverse directions.
This was found to be very effective in damping out the plate vibra-
tions. Thus by selective use of piezo-electric patch actuators at key
locations it was possible to maintain the stiffness of the stiffened
plate and damp out the oscillations. Finally the control of a panel
with scaled up geometry is studied with practical applications in
view with encouraging results.
The analysis of the stiffened plate employs an approach in
which the interaction is accounted for by embedding the local
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lates the local buckling deformation, together with the second or-
der effects, its variation spatially over the panel and the
corresponding components of feedback voltage from the overall ef-
fects. This affords a greater insight into the response of the stiff-
ened panel than conventional ﬁnite element schemes and makes
possible a more focused control strategy. These aspects of analysis
are reviewed brieﬂy in the following section. Nevertheless, the spe-
ciﬁc contribution of the paper is in the realm of establishing a via-
ble strategy of piezo-electric control of stiffened panels, with an
eye on the practical application.
2. Theory
In this section, the theory and formulation of the present ﬁnite
element model is outlined. Fig. 1 shows a ‘‘wide” stiffened plate
and a typical panel consisting of plate elements on either side of
a stiffener.
2.1. Displacement, strain and stress vectors
The displacement variables are:
fugT ¼ fu; v;w;a;bg ð1Þ
where u, v and w are the displacement components in the axial (x-),
transverse (y-) and outward normal (z-) directions, respectively, at
any point on the middle surface plate or stiffener (Fig. 2) and a
and b are the rotations of the normal in the xz and yz planes, respec-
tively (Sridharan et al., 1992).
The generic strain vector {e} may now be deﬁned as in Reissner–
Mindlin theory:
fegT ¼ fex; ey; cxy;vx;vy;vxy; cxz; cxzg ð2Þ
where
feg ¼ fex; ey; cxyg ð3aÞ
are the in-plane strain components at the plate mid-surface,
fvg ¼ fvx;vy;vxyg ð3bÞ
are the curvature components, and
fcg ¼ fcxz; cyzg ð3cÞ
are the transverse shearing strain components.
The generic stress vector {r} conjugate with {e} consist of stress
resultants. These consist of the force resultants {N} = {Nx, Ny, Nxy},
moment resultants {M} = {Mx, My, Mxy} and transverse shear forces
{Q} = {Qx, Qy}. The generic stress–strain relations are taken in the
standard form:Typical Stiffener
Direction of u
compress
Fig. 1. ‘‘Wide” stiffened plaNi ¼ Aijej þ Bijvj
Mi ¼ Bijej þ Dijvj
ðj ¼ 1;2;6Þ ði ¼ 1;2;6Þ ð4a—bÞ
Qi ¼ kGtci ði ¼ 1;2Þ ð4cÞ
where [A], [B], [D] are well known matrices in the literature on lay-
ered composites, G is the averaged transverse shear modulus, k is
the shear correction factor (=5/6) and t is thickness of the plate ele-
ment. These equations may be written in the abbreviated form:
ri ¼ Hijej ð5Þ
The following strain–displacement relations are used for the plate
structure:
ex ¼ @u
@x
þ 1
2
@v
@x
 2
þ @w
@x
 2( )
ey ¼ @v
@y
þ 1
2
@w
@y
 2
cxy ¼
@u
@y
þ @v
@x
þ @w
@x
@w
@y
vx ¼
@a
@x
; vy ¼
@b
@y
; vxy ¼
@a
@y
þ @b
@x
cxz ¼ aþ
@w
@x
; cyz ¼ bþ
@w
@y
ð6a—hÞ
These are but von Karman plate equations modiﬁed to account for
transverse shear deformation and the large in-plane movements
of stiffeners such as occur under overall buckling/bending.
The strain–displacement relations can be expressed in the
abbreviated form:
ei ¼ L1ijðujÞ þ 12 L2ijðujÞ ði ¼ 1; . . . 8Þ ðj ¼ 1; . . . 5Þ ð7Þ
where L1 strands for linear differential operators and L2 for a qua-
dratic operators implicit in Eqs. 6(a–h).
Under axial compression there are two characteristic modes of
buckling, viz. the overall buckling associated with a long wave
mode and local buckling characterized by a sinusoidal mode with
a number of half waves (m). In the former stiffener undergoes sig-
niﬁcant in-plane displacements whereas in the latter the plate-
stiffener junction remains immobile, as the plate buckles between
the stiffeners.
2.2. Solution of the local buckling problem
2.2.1. Linear stability analysis
The following notation will be employed in the following. A
superscript (1) indicates a ﬁrst order local buckling quantity (Eigen
mode), a superscript (2) indicates a second order quantity and aniform
ion
L
Typical panel
te and a typical panel.
Fig. 2. Local coordinate axes for a typical plate and stiffener.
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state. Note in the present treatment, only the stress {ro} is recog-
nized in the prebuckling state.
Thus the local buckling ﬁeld will be denoted by:
fuð1Þg ¼ fuð1Þv ð1Þwð1Það1Þbð1Þg ð8Þ
In the asymptotic analysis parlance this will be the ﬁrst order
ﬁeld and hence the superscript (1).
The potential energy function for the local buckling can be writ-
ten in the form:
Pð1Þ ¼ 1
2
½HijL1ikðuð1Þk Þ  L1jlðuð1Þl Þ þ roi  L2ijðuð1Þj Þ ð9Þ
where  denotes multiplication and integration over the entire
structure. For a uniformly compressed stringer stiffened shell
made of specially orthotropic material, the displacement func-
tions that satisfy the differential equations of equilibrium are of
the form:
fuð1Þ;að1Þg ¼ fuð1Þi ;að1Þi gwiðyÞ sinðmpgÞ
fv ð1Þ;wð1Þ;bð1Þg ¼ fv ð1Þi ;wð1Þi ; bð1Þi gwiðyÞ cosðmpgÞ
ði ¼ 1; . . .pþ 1Þ
ð10a—bÞ
where g ¼ xL and uð1Þi ; . . . . . . . . . ::;bð1Þi are the degrees of freedom (des-
ignated as q(1)) and wi(y) are appropriate shape functions of y, p re-
fers to the highest degree of the set of p + 1 shape functions, the
transverse coordinate of the plate element. As long as m is large,
the local buckling phenomenon may be assumed to be truly ‘‘local”
being free of the end effects.
The potential energy function associated with the buckling
problem P(1) can be expressed in terms of the corresponding gen-
eric degrees of freedom q(1) the in the form:Fig. 3. Cross-section ofPð1Þ ¼ 1
2
fað1Þij  kbð1Þij gqð1Þi qð1Þj ð11Þ
where k is the loading parameter (axial compression in the x-direc-
tion in the present context). The coefﬁcients að1Þij and b
ð1Þ
ij are derived
from the integrals of products of shape functions entering into the
ﬁrst and second set of terms of potential energy function in Eq.
(9). The corresponding equations of equilibrium constituting the Ei-
gen value problem take the form:
fað1Þij  kbð1Þij gqð1Þj ¼ 0 ð12Þ
For a purely local buckling problem, the buckling mode involves
principally out of plane bending of each plate element and little
or no in-plane action. Fig. 3 gives the geometry a typical panel
and Fig. 4 the cross-sectional view of the local buckling mode.
2.2.2. Second order ﬁeld
The second order local buckling ﬁeld will be denoted by:
fuð2Þg ¼ fuð2Þv ð2Þwð2Það2Þbð2Þg ð13Þ
The potential energy function associated with the second order ﬁeld
problem can be written in the form (Sridharan et al., 1992):
Pð2Þ ¼ 1
2
HijL1;ikðuð2Þk Þ  L1;jlðuð2Þl Þ þ roi  L2;ijðuð2Þj Þþ
þHijfL1;ikðuð1Þk Þ  L11;jlðuð1Þj ; uð2Þl Þ þ 2L1;ikðuð2Þk Þ  L2;jlðuð1Þl Þg
24 35
ð14Þ
where L11 is the bilinear operator given by: L2(u + v) = L2(u) + 2-
L11(u,v) + L2(v) (Budiansky, 1965). The term involving this operator,
becomes negligible in the context of local buckling of plate struc-
tures, since u(1) is a ﬁeld of out of plane deformation (involving
‘w’) and u(2) is a ﬁeld of in-plane deformation (involving u and v).a stiffened panel.
Fig. 4. Cross-sectional view of local buckling of stiffened panel.
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geneous differential equations governing the second order ﬁeld
problem is of the form:
fuð2Þ;að2Þg ¼ fuð2Þi ;að2Þi gwiðyÞ sinð2mpgÞ
fv ð2Þ;wð2Þ;bð2Þg ¼ fv ð2Þi ;wð2Þi ; bð2Þi gwiðyÞ cosð2mpgÞ
ði ¼ 1; . . .pþ 1Þ
ð15a—bÞ
In addition to these ‘‘rapidly” varying functions, the solution admits
of ‘‘slowly” varying contributions to the second order ﬁeld consis-
tent with the boundary conditions. Consider the Tvergard panel-1
mentioned earlier and shown in Fig. 3. Under uniform axial com-
pression, the plate buckles with the stiffener participation being
minimal. As a result of such local buckling the panel as a whole suf-
fers an end-shortening and deﬂects downward with the end sec-
tions rotating accordingly. These effects are part of the second
order ﬁeld, but because of their ‘slowly’ varying nature, are decou-
pled from the solution of the harmonic part of the ﬁeld (m 1); we
choose not to evaluate them as part of the second order ﬁeld. These
will be modeled with facility by the degrees of freedom of the ﬁnite
elements in which the local buckling ﬁelds will be embedded.
The uncoupled potential energy function P(2) can be expressed
in terms of the generic degrees of freedom q(1) and q(2) deﬁning the
ﬁrst and the second order ﬁelds, respectively, in the form:
Pð2Þ ¼ 1
2
fað2Þij  kbð2Þij gqð2Þi qð2Þj  cirsqð2Þi qð1Þr qð1Þs ð16Þ
The corresponding equations for the second order ﬁeld take the
form:
fað2Þij  kbð2Þij gqð2Þj ¼ cirsqð1Þr qð1Þs ð17Þ
The coefﬁcients að2Þij and b
ð2Þ
ij are derived from the integrals of prod-
ucts of shape functions entering into the ﬁrst and second terms of
potential energy function in Eq. (14) and the coefﬁcients cirs are
obtained from the remainder of the terms thereof. As already
mentioned, for a plate structure undergoing local buckling, this is
essentially an in-plane ﬁeld with little or no out of plane action
(w, a, b). Thus the solution is unaffected by the potential threat of
singularity posed by the destabilizing term associated with k and
turns out to be robust.
2.3. Modiﬁcation of local buckling deformation under interaction
In an asymptotic procedure for postbuckling analysis (Budian-
sky, 1965), the local buckling displacement ﬁeld is taken in the
form:
fug‘ ¼ fuð1Þgnþ fuð2Þgn2 þ    ð18Þ
where n is the scaling factor of the buckling mode, and the super-
script ‘ denotes the local buckling ﬁeld. However, in the context
of interaction with an overall mode, one must anticipate modiﬁca-
tion of the local buckling deformation from that give by Eq. (18).Consider the Tvergaard panel once again. In the absence of imper-
fections, the overall buckling would only reinforce the downward
bending tendency caused by local buckling. This means the plate
will suffer additional compression which in turn will accentuate
the local buckles at mid-span where the compression due to bend-
ing is most severe. This will result in the phenomenon of ‘‘ampli-
tude modulation” in the longitudinal direction. The stiffener being
stocky and subjected to tension due to overall bending will, if any-
thing, have its local buckling deformation alleviated. So it is neces-
sary to let the amplitude modulation function be different for the
different plate elements constituting the structure. These two fea-
tures, viz. the variation of the amplitude in the longitudinal direc-
tion and the freedom of the local buckling pattern to vary in the
cross-sectional plane account implicitly for secondary local modes
liable to be triggered by the interaction (Sridharan and Peng,
1989; Sridharan and Zeggane, 2001). This approach also obviates
the need to evaluate and incorporate the mixed second order ﬁelds
in the formulation. Thus for a typical plate element
fug‘ ¼ fuð1ÞgfiðxÞni þ fuð2ÞgfiðxÞfjðxÞninj ði; j ¼ 1; . . .nÞ ð19Þ
where ni are the degrees of freedom which together with the ‘n’
shape functions fi account for amplitude modulation. We anticipate
these functions to be a low order polynomial (up to 2nd degree) be-
cause of the ‘slowly’ varying nature of the amplitude modulation.
2.4. Displacement functions for the ﬁnite element
To the amplitude modulated local ﬁeld given by Eq. (19) we add
the displacement functions describing the overall bending ﬁeld
(denoted by ‘ov’) in the form:
fugov ¼ fuklg/kðxÞwlðyÞ ðk ¼ 1; . . .np; l ¼ 1; . . .nqÞ ð20Þ
where np, nq are the number of functions in the x and y directions,
respectively.
Thus we have:
fug ¼ fuklg/kðxÞwlðyÞ þ fuð1ÞgfiðxÞni þ fuð2Þgfifjninj ð21Þ2.5. B-Matrix and current stress
In view of the ‘‘slowly varying” nature of amplitude modulation,
local buckling strains take the form:
feg‘ ¼ feð1ÞgfiðxÞni þ feð2ÞgfiðxÞfjðxÞninj ð22Þ
where
feð1Þg ¼ L1fuð1Þg
feð2Þg ¼ L1fuð2Þg þ 12 L2fuð1Þg
  ð23a—bÞ
The incremental local strains can be written in the form:
fDeg‘ ¼ ½feð1ÞgfiðxÞ þ 2feð2ÞgfiðxÞfjðxÞnjðDniÞ ð24Þ
This can be arranged in the form:
fDeg‘ ¼ ½Bo
‘ þ ½Bc1 cosðamxÞ þ ½Bs1 sinðamxÞþ
½Bc2 cosð2amxÞ þ ½Bc2 sinð2amxÞ
" #
fDng ð25Þ
The incremental strains associated with the overall ﬁeld are written
in the form:
fDegov ¼ ½BovfDqovg ð26Þ
where the superscript ov indicates on the B-matrix is developed
from overall shape functions and {q}ov refers to the set of overall de-
grees of freedom.
The combined local and overall incremental strain may there-
fore be expressed in the form:
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c
1 cosðmpgÞ þ ½Bs1 sinðmpgÞþ
½Bc2 cosð2mpgÞ þ ½Bc2 sinð2mpgÞ
" #
fDqg ð27Þ
where {q} represents the combined set of overall and local (ampli-
tude modulating) degrees of freedom, numbering N. Note [Bo] con-
tains terms that describe the local buckling and the overall action,
respectively.
The current stresses {r} are obtained incrementally from the
initially imperfect stress free state and can be arranged in a form
similar to Eq. (26), i.e.,
frg ¼ ½frog þ frc1g cosðmpgÞ þ frs1g sinðmpgÞ þ frc2g
 cosð2mpgÞ þ frs2g sinð2mpgÞ ð28Þ
Note that initial imperfections in the sense of the local mode is
accommodated by prescribing appropriate equal values of ni in Eq.
(24) at the start; likewise overall imperfections in the form of the
governing overall buckling mode are inducted by prescribing appro-
priate initial values in Eq. (26).
2.6. Internal virtual work contribution from a typical element
2.6.1. Mechanical contribution
dWEint ¼
Z
S
fdegTfrgdA
¼ fdqgT
Z
s
½BoTfrog þ 12
X2
i¼1
½Bci frci g þ ½Bsi frsig
" #( )
dxdy ¼ Fidqi ði ¼ 1; ::NÞ ð29Þ
where the concept of ‘‘slowly” varying functions has been employed
to decouple the integration of trigonometric terms.
2.6.2. Piezo-electric contribution
In the present study, we consider two types of piezo-electric
patch actuators: (i) Those attached to the stiffener tips controlling
mainly the overall action, and (ii) Those attached to the top and
bottom surfaces of the plate mid-way between the stiffeners. These
are illustrated in Fig. 5.
Consider patches of width equal to stiffener width (ts) attached
to the stiffener at its top (plate surface) and bottom. The Tvergaard
panel-1 considered in the present study consists of a stocky stiff-
ener so that the local buckling strains are negligible compared to
the overall counterparts, and the only signiﬁcant stress and strain
are those occurring in the longitudinal direction. The stiffener may
be treated as an Euler–Bernoulli beam so that we may assume that
the longitudinal strain variation is linear. Thus:
ejtopbottom ¼ eo 
ds
2
v ð30Þ
where eo is the strain at the centroid of the stiffener, ds is the depth
of the stiffener (approximately equal to the center to center dis-
tance between the patches at top and bottom), and v is the curva-
ture of the stiffener in the global XZ plane. This curvature must be
the same as that of the plate at its junction with the stiffener, i.e.,
vðxÞ ¼ @a
@x

J
¼ akJ/0iðxÞ ðk ¼ 1; . . . ::;npÞ ð31Þ
where the subscript J denotes stiffener plate junction (Fig. 3) and aiJ
denote the p degrees of freedom that characterize ‘a’ along the junc-
tion and a prime denotes differentiation with respect to x.
Letting the ﬁeld strength applied at top and bottom be equal
and opposite, we have:
eEjtopbottom ¼ Vs ð32Þwhere ‘s’ is the electrode spacing.
Longitudinal stress, r at the top and bottom can be written in
the form:
rjtopbottom ¼ Es eo 
ds
2
ðv voÞ  V
s
es
 top
bottom
ð33Þ
where Es is the Young’s modulus of the piezo-electric material
of the stiffener patch and es is the relevant piezo-electric constant,
vo is the initial overall curvature of the stiffener and s is the elec-
trode spacing. The electrode spacing equals the thickness of the
piezo-electric patch, tp if the voltage is applied across the thickness
(PZT) and must be chosen by the designer if it is applied in the axial
direction (MFC). In the latter case, since the voltage is proportional
to s for a given ﬁeld strength, we may compute it for an arbitrary
spacing, chosen conveniently as ntp, a multiple of tp. As a result,
tp gets cancelled out in the expression for piezo-electric contribu-
tion (vide Eq. (35)). The voltage developed is recovered in the form
of V/n. Neither tp nor n need to be selected a priori.
2.6.2.1. The virtual strain at the top and bottom patches.
dejtopbottom ¼ 
ds
2
dv ¼ ds
2
/0kðxÞdaJk ð34Þ
Piezo-electric contribution to the internal virtual work from the two
patches taken together per unit length at any location is then,
2
Z
A
rdedA ¼ 2Eses ds2 /
0
kðxÞ
 VðxÞ
tp
tstpdaJi ðk ¼ 1; . . . :npÞ ð35Þ
Now letting the voltage be proportional to the strain or strain-rate
sensed at the stiffener tips
VðxÞ ¼ Vk/0kðxÞ ðk ¼ 1; . . . :;npÞ ð36Þ
The total piezo-electric contribution may be written in the form:
dWpiezoint ¼ Esesdsts
Z
x
/0kðxÞ/0lðxÞdx
	 

VldaJk ¼ cklEsesVldaJk ð37Þ
where the integration is taken along the length of the stiffener
element.
Considering negative feedback with gains proportional to the
strains or strain-rates sensed at the patches,
we have
Vk ¼ Gs ds2 aJk or Vk ¼ Gd
ds
2
_aJk ð38Þ
where Gs and Gd are the gains, respectively, in static and dynamic
problems in the present study, a ¼ a ao, where ao is due to initial
imperfection, a dot denotes differentiation with respect to time.
Thus:
dWpiezoint ¼
ds
2
fEsesGsgcijaJjdaJi or ds2 fEsesGdgcij _aJjdaJi
ði; j ¼ 1; . . . npÞ ð39Þ
Note EsesGs or EsesGd may be viewed as a single parameter repre-
senting stiffener control.
Eq. (39) may be written as
dWpiezoint ¼ CijaJjdaJi or Cij _aJjdaJi ði; j ¼ 1; . . .npÞ ð40Þ
Note that this term is to be added only for the stiffener element.
Again note that the purely mechanical contribution from the
piezo-electric patches is deemed to be subsumed in that of the stiff-
ener and is not separately shown.
2.6.2.2. Double patch on the plate. Consider the piezo-electric
patches running longitudinally at the middle of the plates, i.e.,
(1)
(2)
(3)
(4)
(3)
(4)
Piezo-electric sensor/actuator patches
        (1) Stiffener top    (2) Stiffener bottom
        (3) Midpanel top   (4) Midpanel bottom
Line of symmetry Line of symmetry
:  
Fig. 5. The location of piezo-electric patches.
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longitudinal and transverse directions of the plate elements are de-
noted by vcx and vcy, respectively. The superscript c refers to the cen-
ter of the plate (A and B in Fig. 3) Over the relatively small patch,
we shall assume that the strains are uniform in the transverse
direction and can be represented by the value at the center of
the plate given by at y = yc.
For simplicity only the top patch is considered. For the bottom
patch simply reverse the signs of both the bending strain and the
voltage. Overall bending strain component in the x-direction is:
ebx ¼
t
2
@a
@x

y¼yc
¼ t
2
fakl/0kðxÞ/lðycÞg ðk; l ¼ 1; . . .npÞ ð41Þ
where a bar indicates the quantity accumulated from the initially
imperfect state.
The foregoing expression may be contracted to the form:
ebx ¼
t
2
fack/0kðxÞg ðk ¼ 1; . . .npÞ ð42Þ
Likewise, the overall bending strain component in the y-direction
is:
eby ¼
t
2
@b
@y

y¼yc
¼ t
2
fbkl/kðxÞ/lðycÞg
Eq. (42) can be contracted to the form:
eby ¼
t
2
fbck/kðxÞg ðk ¼ 1; . . .npÞ ð43Þ
Local bending strain components in the x and y directions are:
ebx;‘ ¼
t
2
@a‘
@x

y¼yc
¼  t
2
mp
L
a‘j/jðycÞ sin
mpx
L
 n o
nifiðxÞ
ðj ¼ 1; . . .np; i ¼ 1; ::nÞ ð44Þ
The foregoing expression may be contracted to the form:
ebx;‘ ¼ ni
t
2
fa‘cfiðxÞg sin
mpx
L
 
ði ¼ 1; . . .nÞ ð45Þ
Likewise,
eby;‘ ¼
t
2
@b‘
@y

y¼yc
¼ t
2
b‘j
/jðycÞ sin
mpx
L
 n o
nifiðxÞ
ðj ¼ 1; . . . :np;i ¼ 1; ::nÞ ð46Þwhich may be contracted to the form:
eby;‘ ¼ ni
t
2
fb‘c/iðxÞg sin
mpx
L
 
ði ¼ 1; . . . :nÞ ð47Þ
The combined bending stresses on the top piezo-electric patch take
the form:
rbx ¼
Ept
2ð1 m2Þ

ack/0kðxÞ þ mbck/kðxÞ
þnifa‘c þ mb‘cgfiðxÞ sin
mpx
L
 
þ V
t
ep

k ¼ 1; . . .npÞ ði ¼ 1; . . .nÞ
 ð48Þ
rby¼
Ept
2ð1 m2Þ

bck/kðxÞ þ mack/0kðxÞ
þnifb‘c þ ma‘cgfiðxÞ sin
mpx
L
 
þ V
t
ep

k ¼ 1; . . .npÞ ði ¼ 1; . . . :nÞ
 ð49Þ
where Ep is the young’s modulus of the piezo-electric material of
the panel patch assumed to be the same in x and y directions,
V(x) is the voltage across the patch and ep = d31 = d32, assumed again
equal in the x and y directions. Only the case of voltage applied
across the thickness is considered for panel patches.
The internal virtual work contribution, with both patches ac-
counted for, takes the form:
dUpiezo ¼ Epeptbpð1 mÞ
Z L
x¼0
dack/0kðxÞ þ dbck/kðxÞþ
dnifa‘c þ b‘cg/iðxÞ sin mpxL
 " #VðxÞdx ð50Þ
Taking the voltage at any location to be proportional to the sum of
the bending strains (static problem) or strain-rates (dynamic prob-
lem) at that location, we have:
For the static problem:
VsðxÞ ¼ Gs t2 ack/
0
kðxÞ þ bck/kðxÞ þ nifa‘c þ b‘cgfiðxÞ sin
mpx
L
 h i
ð51a—bÞ
For the dynamic problem:
VdðxÞ ¼ Gd t2 _ack/
0
kðxÞ þ _bck/kðxÞ þ _nifa‘c þ b‘cg/iðxÞ sin
mpx
L
 h i
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The internal work contribution takes the form:
dUpiezo ¼ Gs Epept
2bp
2ð1mÞ
dackðaclbkl þ bclcklÞ þ dbckðbclakl þ aclclkiÞþ
1
2 dni
nj a‘c þ b‘c
 2
aij
" #
or
dUpiezo ¼ Gd Epept
2bp
2ð1mÞ
dacið _acjbij þ _bcjcijÞ þ dbcið _bcjaij þ _acjcjiÞþ
1
2 dni
_njfa‘c þ b‘cg2aij
" #
ð52a — bÞ
where aij ¼
R
x fifjdx; bkl ¼
R
x /
0
k/
0
ldx; ckl ¼
R
x /
0
k/ldx
Note once again EpepGs or EpepGp may be deemed as a single
parameter representing panel patch control.
2.7. External virtual work
There are two contributions to external virtual work, i.e., (i) the
inertial terms and (ii) external forces that may be acting on the
structure.
(i) Inertial forces:
Considering a typical plate element, the out of plane displacement,
w is the most signiﬁcant, arising as it does from both the overall ac-
tion and local buckling. For a typical stiffener element, the in-plane
displacement in the transverse direction, v, is the most signiﬁcant
with some minor contribution coming from out of plane displace-
ment due to local buckling. The second order local buckling effects
are neglected. The relevant displacement components are written
in the form:
w ¼ wkl/kðxÞ/lðyÞ þ ni w‘j/jðyÞ sin mpxL
  
fiðxÞ
v ¼ vkl/kðxÞ/lðyÞ
ð53a — bÞ
In general, the external virtual work contribution of inertial forces
per unit surface area is  mð€wdwþ €vdvÞ where m is the mass per
unit area, assumed constant over the element considered. Integrat-
ing over the element area, we obtain
dW ðiÞext ¼ m aklarsð €wrsdwkl þ €v rsdvklÞ þ
1
2
ðw‘kw‘l aklaij€njÞdni
 
ð54Þ
where: akl ¼
R
x /k/ldx and akl ¼
R
x fkfldx
(ii) External forces:
The external loads on the structure are (i) the uniform axial com-
pression, r applied over the end section and (ii) a disturbance in
the form of a Heaviside step function applied at time, s = 0, and a
uniformly distributed force applied directly on the stiffener to trig-
ger a dynamic response. Since we anticipate the stiffener to deﬂect
downwards under the interaction (putting the plate under com-
pression), the load is also applied in the same sense.
The virtual work of load (i) for an element of thickness he takes
the form:
dW ðiiÞext ¼ rheakldukl ð55aÞ
where akl ¼ /kðx ¼ 0Þ
R
y /lðyÞdy and x = 0 refers to the loaded edge
and integration is taken over the width of the element.
Virtual work of load (ii) comes from the stiffener element and
takes the form:
dW ðiiiÞext ¼ poakdv Jk ð55Þ
where po is the intensity of the line load applied at the stiffener
plate junction, vJ is the overall stiffener displacement at the junction
given by vJ = vJk/k(x) and ak ¼
R
x /kðxÞdx.
A system of nonlinear equilibrium equations is generated by
equating the internal virtual work to the external virtual work
summed up over all the elements; this requires that the matrices
associated with linear terms be transformed to obtain relationsin a global coordinate system. Finally letting the virtual displace-
ments be arbitrary, we obtain the forms of the equations:
In the static problem,
½Dsfqg þ
Z
A
½BTfrgdA ¼ f0g ð56Þ
Or in the dynamic problem,
½Mf€qg þ ½Ddf _qg þ
Z
A
½BTfrgdA ¼ ffg ð57Þ
Piezo-electric contributions are given by the [D]s and [D]d matrices,
respectively.
Note that since the external voltages are deemed to be pre-
scribed, the charge equation, i.e., the relationship between electri-
cal displacement on the one hand and strains and the ﬁeld
strengths on the other (see Eq. (18) in ANSI/IEEE Standard on Pie-
zoelectricity, 1988) becomes defunct. It is further assumed that the
charges developed in the piezo-electric actuators do not interfere
with their behavior. The mechanical contributions of thin piezo-
electric patches are subsumed in those of the host structure.
2.7.1. Boundary conditions of the panel
Figs. 1 and 2 show a wide stiffened plate carrying longitudinal
compression. The plate is deemed to be wide so that a typical panel
is representative of the entire plate (Fig. 3). The panel center lines
are assumed to be lines of symmetry of plate deformation. This im-
plies that the dominant local buckling mode is assumed to be sym-
metricwith respect to the center lines – an assumption that needs to
be veriﬁed as an antisymmetric mode is always a theoretical possi-
bility. The stiffened panel is subjected to uniform uniaxial compres-
sion in the prebuckling state. This is achieved by ensuring that the
plate and the stiffener are free to undergo Poisson expansion in
the transverse direction. Thus the lines of symmetry are fee tomove
in the y-direction, but constrained to remain straight; the stiffener
edge is free to move to accommodate Poisson expansion; end-sec-
tions are assumed to be simply supported, i.e., w = 0 for each plate
element at the ends.3. Analysis of stiffened panel
The nonlinear analysis is based on p-version ﬁnite elements
which have local buckling deformation (both the ﬁrst order and
second order ﬁelds) embedded in them, as explained already. The
shape functions, /i(x) (i = 1, . . . ,p + 1) chosen for the local buckling
problem and the second order ﬁeld problem are hierarchical poly-
nomials going up to the ﬁfth degree p = 5 providing Co continuity
needed in the analysis. For representing the overall action in the ﬁ-
nite elements they are again chosen to be ﬁfth degree polynomials
in both x and y directions (np = nq = 5). The precise forms of these
functions are given by Szabo and Babuska, 1991. The amplitude
modulating functions, being ‘‘slowly” varying in concept, have
p = 2. Only three elements are used in all, one for each half of the
plate and the third for the stiffener. These have shown to be ade-
quate in previous studies. However, in the view of the fact the
amplitude modulating functions of the plate elements are decou-
pled from those of the stiffener, there is greater ﬂexibility imported
into the present model.
For the analysis of the static problem, arc length method
(Crisﬁeld, 1981) is used to trace the solution in order to negoti-
ate the limit points and/or the phases of the response where
load increases sluggishly as the deﬂections escalate. For the dy-
namic problem, loading is taken in two steps. First, a static axial
compression is applied and the solution is traced till a given ax-
ial stress r is attained. At this point a suddenly applied line load
is applied on the stiffener triggering the dynamic response. The
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Newmark’s b-method is employed to replace the time dependent
terms in terms of unknown incremental displacements for the
current time increment and known quantities at the end of pre-
vious time step; this is followed by Newton–Raphson iterations
till convergence is achieved (Tedesco et al., 1998; Sridharan
and Kim, 2008).
4. Case study: details
4.1. Geometry, material and buckling data
The geometry of the panel (Fig. 3) is deﬁned as follows:
The length of the plate, L = 454.4 mm, b, the width of the pa-
nel = L/4, tp, thickness of the plate = 1 mm, ds, depth pf the stiff-
ener = b/10, ts, thickness of the stiffener = 0.4ds.
Cross-sectional area, A ¼ btp þ dsts; h ¼ A=b is the averaged
thickness of the panel = 1.4544 mm.
Note the geometric proportions are the same as ﬁrst used by
Tvergaard and subsequently investigated by several others.
Material of the panel (host structure):
Aluminum alloy with E = 63 GPa and m (Poisson ratio) = 0.3;
mass density = 2500 kg/m3.
Buckling data and imperfections.
The panel is designed to be optimal in that the overall critical
stress (r1) and the local critical stress (r2) are nearly the same with
r1/E = 0.469  103 and r2/E = 0.471  103  (r1 = 29.55 MPa,
r2 = 29.67 MPa) something that makes the structure imperfec-
tion-sensitive. rcr, the critical stress is the lower of these two
(r1). Pcr the critical load 	 Arcr. The overall mode consists of a
single half-sine wave in the longitudinal direction with some
cross-sectional distortion whereas the local mode consists of 6
half-waves (m = 6). Cross-sectional view is shown in Fig. 4. Imper-
fections are assumed to be: 0.01h both in the local and overall
modes. The overall imperfection is taken on the stiffener side
(downwards in the Fig. 2) which is the preferred side for the panel
to deﬂect under the interaction in the absence of imperfection.
4.2. Selection of piezo-electric material properties
All calculations were performed setting Es = Ep = E = 63 GPa
and Eses = Epep = 0.0283 N/mV. However, the results of such a cal-
culation may be interpreted for speciﬁc materials provided the
actuator gains are deemed to be appropriately adjusted so that
the chosen control parameters (EsesGs/EsesGd and EpesGs/EpepGd)
are maintained constant. Voltages, of course, do scale with the
gains.
The following materials used in previous research (Li et al.,
2007) are cited in discussion:
(i) MFC (Micro-ﬁber composite) – this is a high performance
material selected for stiffener control. MFC actuator employs
the interdigitated electrodes (Azzouz et al., 2001) with the
direction of the ﬁeld coinciding with the longitudinal direction
and utilizes the high value of d11 for the piezo-electric constant,
e. The magnitude of Ee from Li et al., 2007 is 0.03457 N/mm V.
The ratio Ee/Eses = 1.22. The allowable electric ﬁeld is taken as
2000 V per mm of electrode pitch (Li et al., 2007).
(ii) PZT5A – a traditional monolithic isotropic piezo-ceramic
composite – which responds to ﬁeld s applied across the thick-
ness in terms of d31(=d32 = e). Ee (Li et al., 2007) = 0.01186 N/
mm V. This material may be used for panel control where the
voltage demand is evidently less severe. The ratio Ee/Epep = 0.42.
The allowable electric ﬁeld strength is taken as 820 V per mm of
thickness of patch.5. Results and discussion
5.1. Static problem
First consider the static uncontrolled behavior. The maximum
displacement as obtained at the center of the panel (Point A at
mid-span section, Fig. 3) is plotted against the axial stress in
Fig. 6 (a). (This excludes the local buckling contribution which
vanishes as m = 6.) It is seen that around 78% of the critical load
the panel loses its stiffness and deﬂections increase without any
limit.
These results are seen to be in reasonable agreement with those
obtained from a full ﬂedged nonlinear analysis. This analysis em-
ployed Abaqus (Version 5.2) with the same boundary conditions
(which ensured uniform uniaxial compressive stress in the
unbuckled state) and the same level of imperfections as in our sim-
pliﬁed analysis. One half of the panel is analyzed as before, with a
2  6 mesh of 9 nine-noded Lagrangian elements covering each
element in our analysis (Sridharan et al., 1992). As seen in the ﬁg-
ure, the Abaqus results indicate greater deﬂections, noticeable in
the earlier stages of loading, apparently due to a modiﬁcation of
the local buckling mode in the transverse direction – a phenome-
non not considered in our model. This discrepancy would disap-
pear if we considered a panel of smaller width (Sridharan et al.,
1992).
Next the panel is sought to be controlled by piezo-electric
patches attached to the top and bottom (1 and 2 in Fig. 5) of the
stiffener actuated with voltages (Gs = 107) proportional to the
bending strain (equal to the difference in the strains recorded at
top and bottom divided by 2). The width of patches is equal to
the thickness ts of the stiffeners. Fig. 6(a) plots the compressive
stress against central panel displacement. It is seen that with this
scheme stiffener deﬂections are effectively controlled, the struc-
ture stiffens up and the load carrying capacity (in terms of stress)
exceeds 0.80rcr (rcr = r1 = 29.55 MPa). But the maximum voltage
(Vmax) of the piezo-electric patches at mid-span builds up rapidly
as the stress approaches rcr and attains a value of 600 V at about
0.8rcr and continues to escalate at an increasing rate (refer
Fig. 6(b)). With this result in hand, one can select the appropriate
piezo-electric material. These results are applicable for MFC
piezo-electric material with gain Gs and the voltage stepped down
by the factor 1.22. Thus the maximum voltage attained is about
500 V (=V/n) at an applied compression of 0.8rcr.
If the objective is to make the panel functional up to this load,
the piezo patch thickness (tp) is obtained from: Vs ¼ Vntp ¼ 2000,
the allowable ﬁeld strength. Thus tp = 0.25 mm. In so far as n re-
mains unspeciﬁed, it may be selected from considerations of prac-
tical ease: Taking n = 4, s = 1 mm. Thus the proposed control
strategy is both feasible and effective in enhancing the stiffness
of imperfection-sensitive panels subject to interactive buckling.
The control exercised on the stiffener has the effect of mitigat-
ing local buckling deﬂections as well, as illustrated by Fig. 6(c).
Thus piezo-electric control proves effective in neutralizing the ad-
verse effects of mode interaction.
5.2. Dynamic problem
Next consider the scenario when the stiffened panel carrying an
axial compression is of 10 MPa (0.33rcr) is perturbed by a suddenly
applied load. The axial stress considered is 0.33rcr and the disturb-
ing force is a uniformly distributed line load equal to 0.01Pcr ap-
plied along the stiffener. The uncontrolled response typiﬁed by
the plate central deﬂection time history is illustrated in Fig. 7.
Control is exercised by voltages are proportional to the bending
strain-rate. We present two scenarios:
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Fig. 6. (a) Axial compression versus maximum displacement. (b) Axial compression versus Stiffener patch voltage at mid-span. (c) Axial compression versus maximum local
buckling amplitude (at plate center).
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In the ﬁrst case control is exercised, as in the static case, by
actuators running along the stiffener tips with ﬁeld strengths
proportional to bending strain-rate of the stiffener. Though no
attempt is made to control plate vibrations directly, a high gain
is selected for the patches with a view to inﬂuence the local
buckling displacements of the plate.
(ii) Stiffener–panel control:
In the second case, additional piezo-electric patches are placed
on either side of the plate, centered along the lines of symmetry.
The width of patch is set equal to 0.2b (b = spacing of the stiff-
eners). A relatively low gain is selected for these patches.
Consider ﬁrst the ‘‘stiffener control” scenario. A high gain of
Gd = 10,000 is selected. Fig. 8(a) plots the overall components of
displacements at the middle of the panel with time for the case-2.5
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Fig. 7. Vibration amplitude at plate center under suddenly applied lateral load
versus time.where the control is exercised from the stiffener patches only. It
is seen that the oscillations of overall displacements are controlled
within 0.02 s.
Fig. 8(b) shows the corresponding maximum voltages recorded
at stiffener mid-span. The maximum voltage (V/n) attained is rela-
tively high (
1100 V) which when scaled down by the factor of
1.22, would be 900 V. Selecting an MFC patch of 0.45 mm thick-
ness, we have once again Vs ¼ Vntp ¼ 2000. The electrode spacing s
can be maintained at 1 mm (with n = 2.2).
Fig. 8(c) shows the maximum local buckling oscillations. These
do not die down but continue to linger for a long time. If the local
vibrations of the plate elements is not an issue, then this type of
control is adequate.
Next we consider the scenario of ‘‘Stiffener–panel control”. In
this case the gains are small for both the stiffener patches and pa-
nel patches. These are 1000 and 100 for the stiffener patch (Gd) and
the panel patch ðGdÞ, respectively. Fig. 9(a) shows the displacement
history at the center of the panel. The deﬂections are controlled
within a duration of 0.2 s. Voltages attained are modest (refer
Fig. 9(b)): a maximum of (lightly less than) 170 V. This with appro-
priate scaling of gain (Gd) and voltage (divide by 1.22) can be car-
ried by an MFC patch of 0.07 mm thickness. If on the other hand
PZT5A is selected, the gain and the maximum voltage are scaled
up (by division by 0.44) to be 364 V and given the capacity of
PZT5A is 820 V/mm, a thickness of 0.5 mm should sufﬁce.
Local buckling displacements too are well controlled as illus-
trated by Fig. 9(c). Panel patch voltage histories are illustrated in
Fig. 9(d–e). Fig. 9(d) shows the time history of the maximum over-
all component recorded at the center of the panel and it is seem
that it is less than 8 V. Fig. 9(e) illustrates the time history of max-
imum amplitude of the sinusoidal component of the voltage across
the panel patches and this too is very modest. These must be taken
together and thus we estimate the maximum voltage to be 14 V.
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patches, the voltage and the gain ðGdÞ have to be scaled up (by divi-
sion by 0.44) and, in view of the voltage capacity of PZT5A the
thickness patch need not (theoretically) be higher than 0.04 mm.
5.3. Scaled up panel
The panel investigated thus far appears to be of miniature size
in comparison to what may be used in typical aircraft structures.
The results obtained there from leave open the question of feasi-
bility of piezo-electric control in practical situations. In order to
be able to pronounce on this question, we consider a panel with
dimensions scaled up by a factor of 3. (Thus t = 3 mm,
L = 1363.2 mm). This panel is examined with respect to the
requirements of piezo patch thickness and the corresponding
voltage whilst carrying the same axial compressive stress as the
original panel.
5.3.1. Static case
First consider the static case. Dimensional analysis indicates
that both the scaled up and original panels perform in an identi-
cally same manner considering strains, stresses and electrical ﬁeld
strengths. Given that the patch thickness must scale in the same
manner as the geometry (a factor of three), voltage too must scale
by the same factor. Since in our model, the piezo-electric patches
are subsumed in the host panel and the patch thickness does not
explicitly ﬁgure in the analysis input, the response of the original
panel can be reproduced by scaling the gain by a factor of three.
In any case, the voltages across the patches must be ampliﬁed
three fold. Referring to Fig. 8(b), the maximum voltage of 600 V
for the original panel attained at 0.8Pcr, must be ampliﬁed as
1800 V. For the MFC patch thickness needed works out to be
0.75 mm. This appears feasible given the advances in the manufac-
turing technology of piezo-electric materials.5.3.2. Dynamic case
Next consider the dynamic response of the scaled up panel.
Here the mass density of the material of the host structure remains
the same. From dimensional analysis it is seen that frequencies are
scaled inversely proportional to the length scale Ls. Let the gains be
chosen to be proportional to Ls to mimic the presence of patches of
thickness scaled by Ls. However since the strain-rate is propor-
tional to the frequency (scaled down by a factor of Ls) and the volt-
ages are obtained by multiplying the gains (scaled up by a factor of
Ls) by strain-rates, the voltages across the patches must be the
same for both the models.
The foregoing observations are borne out by a comparison of
Figs. 10 and 9. Fig. 10(a) shows the displacement history at the
center of the panel for a Gd = 3000 and Gd ¼ 300. Comparing this
to Fig. 9(a), it is seen that the displacement scale up by a factor
of Ls and as does the time period of oscillations. Fig. 10(b) plots
the voltage history at the stiffener patch at mid-span. Comparing
this to that in Fig. 9(b), the maximum voltage is seen to roughly
the same in the two models.
Next consider how we may estimate the settling time for the
scaled up model, given the response of the original model. Consid-
ering a single mode of vibration, say the overall mode, it is seen
that the damping constant c (Tedesco et al., 1998) turns out to
be the same for the two models and the damping ratio n is inver-
sely proportional to Ls. Comparing Figs. 10 and 9(a), the rate of dec-
rement of amplitude in the scaled up system is scaled down by a
factor close to Ls. Thus there are two factors to consider: in a given
time, the scaled up model performs smaller number of oscillations
(by a factor of Ls) and also has a smaller decrement of the ampli-
tude over a time period of an oscillation. These two factors prolong
the settling time of the scaled up model by a factor roughly propor-
tional to (Ls)2. This is seen by a comparison of Fig. 10 and 9(a).
In order to reduce the settling time, the problem was run
increasing the patch gains Gd and Gd to 10,000 and 1000, respec-
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at the center of the panel versus time. (e) Maximum amplitude of the sinusoidal component of voltage across the panel patch versus time.
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Fig. 10. (a) Displacement time history for the scaled up panel with gains scaling with geometry. (b) Stiffener patch voltage for the scaled up panel (gains scaling with
geometry).
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Fig. 11. (a) Displacement time history for the panel (geometry scaled by 3 and gains scaled by 10). (b) Stiffener patch voltage time history for the panel (geometry scaled by 3
and gains scaled by 10).
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(0.5 s versus 1.5 s, Fig. 11(a)) with the maximum voltage recorded
by the stiffener patch increasing roughly in proportion to the gain
(500 V, Fig. 11(b), versus 170 V). Scaling down the voltage for the
properties of the MFC patch (divide by 1.22), an MFC patch of
0.21 mm thickness should prove adequate. Local buckling oscilla-
tions too die down at the same rate as the overall deﬂections, with
voltages developing in the panel patches remaining modest (not
shown).
6. Conclusions
Piezo-electric control of the static and dynamic responses of a
stiffened panel subject to interactive buckling was studied with re-
gard to strategy and feasibility. Considering ﬁrst the static re-
sponse, it was found that the adverse effects of interaction such
as imperfection-sensitivity and the loss of stiffness well before
the critical load is approached can be counteracted with relative
ease using piezo-electric feedback control. The piezo-electric
patches are placed along the tips of the stiffener with feedback
voltages proportional to the bending strains thereof. With this
arrangement, it is possible to stiffen up the structure and attain
critical loads obtained by linear stability analysis. However the
voltage across the patches may escalate and reach unacceptably
high values at values of load close to the critical.
Dynamic response is triggered by the application of a lateral
disturbance to the panel carrying axial compression. The strategy
of controlling the stiffener alone by feedback voltages proportional
to the bending strain-rate had a salutary effect on the overall re-
sponse, but could not control the local buckling oscillations. Thin
piezo-electric strips attached, respectively, to the top and bottom
surfaces along the longitudinal center line of the panel were em-
ployed to control the panel deﬂections. The feedback voltages were
proportional to the sum of the bending strains in the longitudinal
and transverse directions. This form of control proved very effec-
tive and resulted in a minimal voltage demand for damping out
the oscillations. Extension of these results to panels with scaled
up geometry was discussed. The results presented here presagethe immense potential of piezo-electric control of stiffened plates
and shells liable to buckle in a variety of modes.References
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